We study scalar-tensor theories respecting the projective invariance in the metric-affine formalism. The metric-affine formalism is a formulation of gravitational theories such that the metric and the connection are independent variables in the first place. In this formalism, the Einstein-Hilbert action has an additional invariance, called the projective invariance, under a shift of the connection. Respecting this invariance for the construction of the scalar-tensor theories, we find that the Galileon terms in curved spacetime are uniquely specified at least up to quartic order which does not coincide with either the covariant Galileon or the covariantized Galileon. We also find an action in the metricaffine formalism which is equivalent to class 2 N-I/Ia of the quadratic degenerated higher order scalartensor (DHOST) theory. The structure of DHOST would become clear in the metric-affine formalism since the equivalent action is just linear in the generalized Galileon terms and non-minimal couplings to the Ricci scalar and the Einstein tensor with independent coefficients. The fine-tuned structure of DHOST is obtained by integrating out the connection. In these theories, non-minimal couplings between fermionic fields and the scalar field may be predicted. We discuss possible extensions which could involve theories beyond DHOST.
I. INTRODUCTION
Einstein's general relativity (GR) is now accepted as the standard theory of gravity which provided an important insight on physics: a gravitational field corresponds to a deviation of the spacetime geometry from the flat spacetime geometry. Although it was believed that only the (pseudo-)Euclidean geometry is relevant to physics, the idea of GR tells us that the Euclidean geometry is just a special case in physical systems. GR is usually formulated in the (pseudo-)Riemannian geometry in which all intrinsic structure of the geometry is uniquely determined by the metric. The Einstein equation is regarded as the equation of motion of the metric. However, we should emphasize that the Riemannian geometry is still a special case and there is a more general framework of the geometry called the metric-affine geometry. The structure of the metric-affine geometry is defined in terms of two independent geometrical objects, the metric and the connection, i.e., the quantities defining the inner product and the parallel transport, respectively. Only if one assumes the metric compatibility condition and the torsionless condition (detailed in Sec. II), the metric-affine geometry is reduced to the Riemannian geometry. A point is that GR formulated in the metric-affine geometry is effectively equivalent to GR in the Riemannian geometry in a vacuum because the metric compatibility condition and the torsionless condition are obtained from the equation of motion of the independent connection [1] [2] [3] . It is important to stress that, we do not need to assume the Riemannian geometry in the first place to obtain GR.
When one recede from GR, however, the equivalence of the theories in the Riemannian geometry and in the metric-affine geometry cease to exist. A popular example of this is metric-affine f (R) theories, also sometimes referred to as Palatini f (R) theories [2, 4] in which the resulting geometry is either Riemann-Cartan geometry or integrable Weyl geometry when solving the equation of the connection. Such theories differ from their metric formalism counterpart and have been applied in cosmological scenarios (for a review see [5, 6] ). Further extending the f (R) theories, one could consider metricaffine formalism in f (R µν ) theories [7] , consider gravity coupling with the energy-momentum tensor in f (R, T ) theories [8] or introduce two curvature tensor, one from the metric and the other from the connection, in hybrid metric-Palatini gravity [9] .
Another way to simply extend GR is introducing a scalar degree of freedom that describes the gravitational field in addition to the tensor degrees of freedom. This is commonly called scalar-tensor theories. Although many of these theories have been proposed, there are unified descriptions of the scalar-tensor theories. The Horndeski theory [10] [11] [12] [13] [14] is the most general scalar-tensor theory with the equation of motion with at most second derivatives. The assumption on the number of derivatives is imposed to avoid the Ostrogradsky ghost. However, the discovery of the Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theory [15, 16] revealed that the assumption of the derivatives is too strong to obtain a general description of the Ostrogradsky ghost-free theories. The currently known most general theory with one scalar is called the degenerated higher order scalar-tensor (DHOST) theory [17, 18] (see also [19] ). Note that these theories are formulated based on the Riemannian geometry. A little attention has been paid to scalar-tensor theories in the metric-affine ge-ometry.
Since the Riemannian geometry is a quite strong assumption for the description of gravitational theories, it would be natural to ask whether a scalar-tensor theory can be reformulated in the metric-affine geometry as with GR and whether there is a theory beyond DHOST or not. We shall call gravitational theories formulated in the Riemannian geometry the theories in the metric formalism and those in the metric-affine geometry the theories in the metric-affine formalism, respectively. In the metric-affine formalism, the Einstein-Hilbert action and the standard matter action have an additional gauge invariance, the projective invariance, under a shift of the connection (given by (2.16) later). One should respect this symmetry to construct the Lagrangian [4] . If the Lagrangian does not contain either higher order derivatives of the scalar field or non-minimal couplings to the curvature, the Lagrangian has no additional connection dependence and then it is trivially projective invariant. However, the higher derivatives or the non-minimal couplings yield explicit dependence of the connection and it has not been known how to construct the general projective invariant Lagrangian with such scalar degree of freedom (see [20] for the case of non-minimal couplings to the symmetric part of the Ricci tensor).
In the present paper, we thus discuss scalar-tensor theories with the projective invariance. The projective invariance leads to a restriction on the form of the higher derivative terms of the scalar field Lagrangian. Indeed, we find that the covariant Galileon terms are uniquely determined by the projective invariance in the metric-affine formalism at least up to the quartic order although those in the metric formalism are not unique. Then, a question arises: can the projective invariance protect the appearance of the Ostrogradsky ghost? Since the higher derivative terms in the DHOST theory are fine-tuned to eliminate the ghost, it should be interesting to seek a hidden symmetry to protect the structure of the DHOST theory. We find a projective invariant action in the metric-affine formalism which is equivalent to class 2 N-I/Ia of DHOST in the metric formalism, where 2 N-1 is named by [18, 21] and Ia is by [22] , when we use the equation of motion of the connection. The equivalent action is just linear in the Galileon terms and the non-minimal couplings to the Ricci scalar and the Einstein tensor with independent coefficients. However, we also find other projective invariant terms yielding the Ostrogradsky ghost. Therefore, the DHOST theory can be reformulated to be projective invariant but this symmetry cannot protect the appearance of the ghost.
The paper is organized as follows. In Sec. II, we review the basic concepts of metric-affine gravity and how the Riemannian geometry emerges from the metric-affine geometry when casting special conditions to the connection. We will then introduce a symmetry of the connection called projective symmetry which appears when considered the metric-affine formalism of GR. In Sec. III, we will formulate Galileon in metric-affine formalism and find that, when projective invariance is assumed the Galileon terms are uniquely determined. The equation of the connection can be explicitly solved and then by integrating it out, we find an effective description of metric-affine Galileon in Riemannian geometry. In Sec. IV, we go further into considering Generalized Galileons in terms of the metric-affine formalism and find that in an effective description of Riemannian geometry the theory becomes a class 2 N-I/Ia DHOST theory, i.e. the theory has no Ostrogradsky ghost. Then in Sec. V, we argue the Lagrangian cubic in the second derivative of the scalar field. Finally, we make summary remarks in the last Sec. VI. In Appendix A, we discuss generic projective invariant scalar-tensor theories with at most quadratic in the connection and show the ghost-free conditions and the classifications of generic theories.
II. METRIC-AFFINE FORMALISM
A. Metric-affine, Riemann-Cartan, Riemannian, and Euclidean geometries
The intrinsic structure of the metric-affine geometry is defined in terms of the metric g µν and the connection Γ µ αβ . We should emphasize that the connection and the metric are independent geometrical objects in the first place. For mathematical rigorousness of this geometry see for example [23] . The covariant derivatives for a vector are defined by
In a manifold with a metric and a connection, there are three tensors that characterize the geometry: Riemann curvature, torsion, and non-metricity. These are defined by
3)
In four dimensions, the metric has 10 independent components and the connection has 64 independent components, respectively. To simplify the structure of the geometry, one may assume the metric compatibility condition
This condition is obtained if we demand that the inter product of two vectors is preserved under the parallel transport because
where
When the covariant derivative is metric compatible, the connection is called a metric connection. Then, the geometry is reduced to the Riemann-Cartan geometry in which the connection is given by
where µ αβ is the Levi-Civita connection defined by
Furthermore, one may assume the torsionless condition 11) and now parallel displacement is fully characterized by the Riemann tensor. As a result, we obtain the Riemannian geometry in which the connection is uniquely determined to be the Levi-Civita connection. The 64 independent components are now fixed and then the structure of the geometry is determined by the metric only. When we further assume
the Euclidean geometry is obtained.
B. Metric-affine formalism of GR
When a gravitational theory is formulated in the Riemannian geometry, the independent variable is the metric only. This formalism of these gravitational theories is called the metric formalism. However, as discussed above, the general geometry does not require the connection is given by the Levi-Civita connection. Hence, it would be natural to promote that the metric and the connection are independent variables in the first place and a gravitational theory dynamically determines not only the metric but also the connection which is called the metric-affine formalism.
It is known that the Einstein-Hilbert (EH) action in the metric-affine formalism is equivalent to that in the metric formalism in vacuum [1] [2] [3] . Let us consider the EH action
Since the metric and the connection are independent variables in the metric-affine formalism, the variation of the EH action leads to two independent equations. To take the variation, we have to take care the fact that the connection is not a tensor. The easiest way is to express the connection as 14) and to regard the distortion tensor κ µ αβ as the independent variable instead of the connection itself. Then, the EH action is rewritten by
where R(g) is the Ricci scalar constructed by the LeviCivita connection.
Before proceeding the variation, we note that the EH action has an additional gauge invariance, called the projective invariance, under the transformation
for an arbitrary vector U α (x). Geometrically, the projective transformation is a change of the connection which preserves the geodesic equation
up to the redefinition of the affine parameter λ → λ(λ) [24, 25] . Note that the general projective transformation is given by
with two arbitrary vectors U α and V β . The transformation (2.16) is a special class of the projective transformation which also preserves the angle between two vectors under the parallel transport since the non-metricity tensor is transformed as
In the present paper, we just call the transformation (2.16) the projective transformation and the invariance under it the projective invariance, respectively. For further explanation of geometrical characteristics of projective transformation see section VI of the textbook [24] .
After introducing the distortion tensor κ µ αβ , the projective invariance is cast in the invariance under
which results the identity
Since the distortion tensor is a non-dynamical field in the action (2.15), the distortion tensor can be integrated out. The variation with respect to κ µ αβ yields the solution, 22) up to the gauge freedom. Note that, although the solution of κ µ αβ is not uniquely determined due to the freedom of the projective transformation, we just omit the gauge mode because the gauge mode does not affect the motion of the physical variables. As a result, the EH action in the metric-affine formalism coincides with the EH action in the metric formalism after integrating out the distortion tensor.
C. Coupling to matter
The equivalence between the metric-affine formalism and the metric formalism must not be true in general if we add either higher curvature terms or a matter field. In the present paper, we shall consider a sufficiently low energy scale so that higher curvature terms can be ignored, and then only focus on the latter one, the inclusion of matter, which enables us to integrate out the distortion tensor since κ is still a non-dynamical field.
In this section, we discuss a minimal scalar field φ, a vector field A µ , and a Dirac field ψ. We consider the action
where S m is a matter action which generally contains the connection as well as the metric. Similarly to the previous case, we can introduce the distortion tensor,
The matter fields can be a source of the distortion tensor and then κ µ αβ = 0 up to the gauge mode is no longer the solution to the equation of motion, in general.
We note that the projective invariance still holds even if we add the standard matter fields. The minimal kinetic term of the scalar field is given by − 1 2 g µν ∂ µ φ∂ ν φ which is manifestly projective invariant. As for the vectors, since the appropriate definition of the covariant field strength of the vector field is
the vector field does not couple with the distortion tensor and then the action of the vector field is invariant under (2.20) which is also true for the Yang-Mills fields. One could propose that the covariant field strength is actually written with the covariant derivative of the connection as,
However, first this field strength is not U (1) invariant, and second, when considered in the language of differential forms the field strength is F = dA and this in tensor form is (2.25). For more discussion see for example [26, 27] . While the bosonic field do not couple to the distortion tensor, the Dirac field has a coupling to κ and thus the Dirac field can be a source of κ. To discuss the Dirac field, we have to introduce the tetrad e a µ and the spin connection ω ab µ . We assume the tetrad postulate which reads that the connection Γ and the spin connection ω represent the same geometrical object, i.e., 27) where
Then, the variables (g, Γ) and (e, ω) are related by The covariant derivative of the Dirac field ψ is then given by 36) where γ µ = e µ a γ a . In the Riemannian geometry, two Lagrangian are equivalent up to the freedom of the total divergence terms, while two are not in the metric-affine geometry. Indeed, each Lagrangian yields the interaction
and
III. GALILEON IN METRIC-AFFINE FORMALISM
In the previous section, we discussed that the standard Lagrangian including matter as well as gravity is projective invariant. Hence, it would be natural to ask whether a non-standard Lagrangian can be projective invariant or not. We consider a scalar field and assume the projective invariance for the construction of the scalar field Lagrangian.
In this section, we devote the Galileon scalar field. In the flat spacetime, the action of the Galileon scalar field is specified to enjoy the Galileon invariance
where b µ and c are constant parameters [28] . The flat spacetime Lagrangian of the Galileon scalar is given by
where c n are dimensionless constants and Λ 3 represents the strong coupling scale. We note that the Galileon terms can be expressed by 10) after taking the integration by parts. As a result, the Galileon terms in the flat spacetime are schematically given by
We then consider the Galileon field in the curved spacetime. In the metric formalism, there are two ways to covariantize the Galileon field: the covariant Galileon [29] and the covariantized Galileon [28] , respectively. The covariant Galileon is based on the form (∂φ) 2 ǫǫ(∂∂φ) n−2 , while the covariantized Galileon is given by the form ǫǫ(∂φ) 2 (∂∂φ) n−2 . The equivalence between them no longer holds in the curved spacetime and then the covariant Galileon and the covariantized Galileon are different theories. Indeed, the covariant Galileon is a theory in the class of Horndeski theory and the covariantized Galileon is in the class of GLPV theory, respectively.
When we consider the metric-affine formalism instead of the metric formalism, the covariant theory must be invariant under the projective transformation 1 . Here, we assume the Galileon terms are purely constructed by the covariant derivatives of the scalar field and the metric, i.e.,
This assumption reads a minimal way to introduce derivative interactions of a scalar field in the metric-affine formalism. Since
due to the non-metricity tensor where
implicitly contains the non-metricity tensor in addition to the covariant derivatives of the scalar field, i.e.,
Supposing the minimal derivative interactions of the scalar field (3.12), we find that the Lagrangian of the covariant Galileon terms is uniquely specified by the projective invariance at least up to the quartic order. The form ǫǫ(∂φ) 2 (∂∂φ) n−2 is projective invariant, while (∂φ) 2 ǫǫ(∂∂φ) n−2 is not. In this way, we obtain all projective invariant terms which reproduce (3.3)-(3.6) by replacing Γ ∇ µ with ∂ µ except the freedom of the integration by parts. The projective invariant Galileon terms are
where we note that the second derivative has no symmetric indices,
and then (3.19) (and (3.20)) potentially differs from (3.17) (and (3.18)). However, as shown in Appendix A, (3.17) and (3.19) give the same result and thus it is sufficient to consider only one of them. We may conjecture that (3.18) and (3.20) lead to the same result as well and then we shall ignore (3.19) and (3.20) . Adding the EH action, the total action of the covariant Galileon in the metric-affine formalism is then given by
At least up to the quartic order, the action (3.22) is the unique covariant Galileon theory in the metric-affine formalism.
Just for simplicity, we consider the Gelileon terms up to n = 4 hereafter. This is because the term L galΓ 5 is cubic in the connection and then the equation of motion of the connection becomes nonlinear. We could not find an explicit solution in the nonlinear case. On the other hand, we can find explicit solutions of the connection up to n = 4.
As performed in the previous section, we introduce the distortion tensor κ µ αβ and integrate out it to obtain the effective action of the metric formalism. The variation with respect to κ µ αβ yields the solution
up to the gauge freedom where we have introduced the notation φ µ = ∇ µ φ, φ µν = ∇ µ ∇ ν φ, X = φ µ φ µ and ∇ µ is the covariant derivative with respect to the Levi-Civita connection. The scale Λ 2 is defined by
The result explicitly shows that the distortion is no longer zero due to the Galileon scalar field. Unlike the Metricaffine f (R) theories neither the torsionless condition or metric compatibility could be obtained by a suitable fixing of the projective gauge. Substituting it to (3.22) , the resultant action is given by
Therefore, the covariant Galileon in the metric-affine formalism (3.22) is not equivalent to either the covariant Galileon or the covariantized Galileon in the metric formalism. Although (3.25) could be approximated by the covariantized Galileon in the scales below Λ 2 , the deviation becomes relevant when
The new scale Λ 2 naturally arises in the covariant Galileon in the metric-affine formalism.
Since the distortion tensor κ is no longer zero, the Galileon field may non-minimally couple with the Dirac field after the integrating out κ while φ does not directly couple with the vector field. Note that the totally antisymmetric part of κ is zero and thus the non-minimal coupling does not exist if the Dirac field Lagrangian is given by (2.35) . On the other hand, as for (2.36), the interaction terms are given by
The Galileon in the metric-affine formalism may predict that the bosons (the minimal scalar and vector fields) and the fermions have different couplings to φ although depending on the definition of the Dirac field Lagrangian.
IV. GENERALIZED GALILEON IN METRIC-AFFINE FORMALISM IS DHOST A. Equivalent Lagrangian to class 2 N-I/Ia of DHOST
In the metric formalism, the known most general framework of the scalar-tensor theories without the Ostrogradsky ghost is the DHOST theory. In the DHOST theory, we require a fine-tuning between the coefficients in front of the non-minimal coupling to the curvature and the higher derivatives of the scalar field in order to eliminate the Ostrogradsky ghost. The conditions are called the degeneracy conditions [17] .
In the metric-affine formalism, we find that the equivalent Lagrangian to (class 2 N-I/Ia of) the DHOST theory is given by
where f 1 , f 2 , F 2 , F 3 , F 4 are arbitrary functions of φ and X := g µν ∂ µ φ∂ ν φ. The last three terms are generalization of the Galileon terms. The first two terms are the non-minimal couplings to the Ricci scalar and the Einstein tensor, respectively, where the Einstein tensor is now defined by
The action (4.1) can be thus regarded as the straightforward generalization of the Galileon field in the metricaffine formalism including the non-minimal couplings to the curvature. After integrating out the distortion tensor, we obtain
The explicit form of κ is written in Appendix B. The coefficients are given by
6)
8)
(4.9)
10)
11)
where f 1φ = ∂f 1 /∂φ, f 1X = ∂f 1 /∂X and so on. One can observe that (4.5)-(4.12) satisfy the degeneracy conditions. The resultant action is class 2 N-I/Ia of quadratic DHOST. This class depends on five arbitrary functions which is indeed the same number of the arbitrary functions of (4.1).
While the totally antisymmetric part κ [αβγ] is zero, the antisymmetric trace κ [αβ] β is non-zero and then (4.1) yields non-minimal couplings to the Dirac field (2.36). In this sense, (4.1) is equivalent to class 2 N-I/Ia of DHOST only if we do not consider the Dirac field and (4.1) is potentially a theory beyond DHOST due to a coupling to the Dirac field given by (2.38) . The trace of the antisymmetric part of κ is 13) which indicates that generic scalar-tensor theories may predict the non-minimal coupling between φ and fermions in the metric-affine formalism as well. Note that the action (4.1) is not the most general projective invariant action up to quadratic in the connection. We can find more general Lagrangian by only assuming the projective invariance; however, such generalized theories are suffered from the Ostrogradsky instability which is discussed in Appendix A. A typical example is a term (L galΓ 3 ) 2 which is certainly projective invariant but it leads to the Ostrogradky ghost. Therefore, we cannot unfortunately conclude that the structure of DHOST is protected by the projective invariance.
B. Specific models
We shall discuss some specific models. The Galileon field has been already discussed in the previous section. Here, we consider non-minimal couplings to the curvature. One of the simplest models of a non-minimal scalar field is
In particular, in the case of the metric formalism, the non-minimal coupling ξφ 2 R with ξ = 1/6 is known as the conformal coupling. If the coupling ξφ 2 R exists in the metric-affine formalisms, the equivalent action in the metric formalism is given by
where ξ = 1/6 is no longer the conformal coupling due to the non-canonical kinetic term. A similar action was first considered in [31] for a torsionless case, and our results agree with their result when transformed into the Einstein frame. Another example is the non-minimal coupling to the Einstein tensor,
(4.16)
In the metric formalism, the Einstein tensor coupling G µν ∂ µ φ∂ ν φ is in the class of the Horndeski theory. On the other hand, the equivalent action to (4.16) is 17) which is in the class of the GLPV theory due to the quartic Galileon term L 18) whose equivalent action in the metric formalism is 19) which is in the class of the DHOST theory. We note that the modified gravity theories to explain the present cosmic accelerating expansion are strongly constrained by the speed of gravitational wave [32, 33] . In order that the speed of the gravitational wave exactly coincides with the speed of light, the functions in DHOST should be f = f (φ) and α i = 0 or should be finetuned to α 1 = α 2 = 0 with f = f (φ, X) [34] [35] [36] (see also [37] [38] [39] ). However, (4.19) does not require the finetuning even with a non-minimal coupling f (X)R since (4.19) is obtained from the simple action (4.18) where the "counterterm" φ α φ β φ αγ φ γ β to eliminate the Ostrogradsky ghost is automatically obtained by integrating out the distortion tensor in the action (4.18).
V. HIGHER ORDERS OF CONNECTION
So far, we have considered theories up to quadratic in the connection in order to explicitly solve the equation of motion of the connection. When the Lagrangian
contains terms cubic or higher in the connection, a solution of the connection may be given by
where the label k classifies possible contractions of (∇φ) i (∇∇φ) j with the free indices µ, α, β for the same i and j. Up to j = 1, we obtain
Note that the expression (5.2) contains the projective mode k Since the second derivative of the scalar field is given by . After a straightforward calculation, we find that (3.22) does not admit the solution (5.4) if c 5 = 0. This result implies that, when formally integrating out κ, the quintic Galileon (3.22) must generate terms more than cubic in φ µν and then the resultant theory cannot be in the cubic DHOST theory except for the case when there are miracle cancellations in higher orders of φ µν . Therefore, it would be interesting to investigate whether the quintic Galileon is still ghost-free even in the metric-affine formalism which is nonetheless beyond the scope of the present paper.
VI. SUMMARY AND DISCUSSIONS
In the present paper, we have reformulated scalartensor theories in the metric formalism to those in the metric-affine formalism and clarified the relation between them. We assume that the Lagrangian is projective invariant and that the scalar field does not directly couple with the non-metricity tensor. Then, we find that the covariant Galileon terms in the metric-affine formalism are uniquely specified at least up to the quartic order although those in the metric formalism are not. The covariant Galileon in the metric-affine formalism does not coincide with either of those in the metric formalism where the deviation becomes relevant at the scales beyond Λ 2 . We then discuss a straightforward generalization of the Galileon and obtain an equivalent action to class 2 N-I/Ia of DHOST. The equivalent action (4.1) makes the structure of DHOST clear because it is just linear in the generalized Galileon terms and the non-minimal couplings to the Ricci curvature and the Einstein tensor. We should, however, emphasize that the equivalence between (4.1) and class 2 N-I/Ia of DHOST holds only if we ignore the fermionic fields.
An important difference between theories in the metric formalism and in the metric-affine formalism is the coupling to the fermions. When we a priori assume the torsionless condition and the metric compatibility condition, i.e., κ = 0, scalar-tensor theories should predict the universal coupling to bosons and fermions. On the other hand, as clarified in Section II, the standard bosonic fields do not couple with the distortion tensor κ while the fermionic fields couple with κ in the metric-affine formalism where the interaction depends on the definitions of the Dirac field Lagrangian. Although GR leads to the solution κ = 0, in general, scalar-tensor theories yield κ
[αβ] β = 0 and lead to the non-minimal coupling only with the fermions in the case of (2.36). Hence, it would be interesting to study phenomenological signatures of this non-minimal coupling.
Although we have discussed theories up to quadratic in the connection in order to solve κ explicitly, one may discuss higher-order theories with respect to the connection. The simplest theory would be the quintic Galileon and its generalization. Other possible extensions would be the Fab Four type Lagrangian [11] . Since the first two terms of (4.1) are two of Fab Four, we may expect that the last two of Fab Four
are ghost-free as well where Γ G µανβ is the double dual of the Riemann curvature defined by (A27). It would be worthwhile to discuss whether the quintic Galileon and Fab Four are still ghost-free in the metric-affine formalism, which is left for future works. which correspond to the classification of DHOST, respectively. Only class Ia is obtained by eliminating the nonGalileon terms of the derivative self-interactions of the scalar field while other classes are obtained by tuning the curvature couplings.
Since the phenomenologically viable class is only class Ia [40] , we shall focus on only the case C 2 = C 3 = 0. In this case, the functions are explicitly given by
